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INTRODUCTION

We introduce, in this paper, the concept of extra strong
path to find the strength of subdivision graph of various
strong fuzzy graphs. The notion of a fuzzy subset was
introduced for the first time in 1965 by Lofti A. Zadeh
[10]. Azriel Rosenfeld [6] in 1975, defined the fuzzy
graph based on definitions of fuzzy sets and relations. He
was the one who developed the theory of fuzzy graphs.
The concept of strength of connectivity between two
vertices of a fuzzy graph was introduced by M. S. Sunitha
[7] and extended by Sheeba M. B. [8], [9] to arbitrary
fuzzy graphs. Sheeba called it, strength of the fuzzy graph
and determined it, in two different ways, of which one is
by introducing weight matrix of a fuzzy graph and other
by introducing the concept of extra strong path between its
vertices.

Preliminaries
A fuzzy graph G =(V,u,0) [6] is a nonempty set V'

together with a pair of functions
w1V —[0,1] and o :V xV —[0,1] such that for all

u,velV, ow,v)=ocv)< u(u)A u(v). We call
U the fuzzy vertex set of G and O the fuzzy edge set
of G . Here after we denote the fuzzy graph G(u, o)
simply by G and the underlying crisp graph of G by
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GWV,E) with  V as
E={(u,v)eVxV:o(u,v)>0} as the edge set or
simply by G'. An edge u v is strong [1] if and only
if o(uv) = u(u) A p(v) . A fuzzy graph G is complete
[51if o(uv) = p(u) A u(v) for all
graph G is a strong fuzzy graph [4] if
owv)=puwu)Auv), Yuve E.

vertex set and

u,veV.A fuzzy

A path P oflength n—1 in a fuzzy graph G \cite{ar} is
Vi5V,y5V55.-.,V,, such
i=1,23,...,n=1.If vy=v,
and n>3 we call P a cycle and cycle P is called a
fuzzy cycle if it contains more than one weakest edge. The

strength of a path in a fuzzy graph is defined as the weight
of the weakest edge of the path [6] which is

Ar,o(V,,v.). A path $PS$ is said to connect the vertices

a sequence of distinct vertices

that o(v,,v,,)>0,

uand v of G strongly if its strength is maximum
among all paths between # and V. Such paths are called
strong paths [5]. Any strong path between two distinct
vertices # and v in G with minimum length is called an
extra strong path between them [8]. There may exists
more than one extra strong paths between two vertices in a
fuzzy graph G . But, by the definition of an extra strong
path each such path between two vertices has the same
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length. The maximum length of extra strong paths
between every pair of distinct vertices in G is called the
strength of the graph G [9].

For a fuzzy graph G, if G is the path P=wv,...v,
on M vertices then the strength of the graph G is its
length (n—1) [8].

Here after we denote the strength of a fuzzy graph G by
S(G).

Theorem 1: [9]
S(G) is one.

If G is a complete fuzzy graph then

The following theorems determine the strength of a fuzzy
cycle in terms of the order of its crisp graph and the
number of weakest edges.

Theorem 2: [8] In a fuzzy cycle G of length n,

n+l
suppose there are [ weakest edges where [ < [T] If

these weakest edges altogether form a subpath then
S(G)isn—1.

Theorem 3: [8] Let G be a fuzzy cycle with crisp graph
G’ a cycle of length 7, having [ weakest edges which

n+l
altogether form a subpath. If > [T], then S(G)

n
is [—].
2
Theorem 4: [8] Let G be a fuzzy cycle with crisp graph

G a cycle of length 7, having / weakest edges which

n
do not altogether form a subpath. If /> [5] —1 then the

n
strength of the graph is [5] Definition 5: [2] A finite

sequence of fuzzy graphs G,G,,...,G, with the

property that V(G,)NV(G j) is nonempty only if
| j—iKL1<i,j<m
sequence or simply properly linked. It is 72— linked if the
crisp graph induced by V(G,)NV(G;) is K, a
complete graph on n
|j—il=1L,1<i,j<m.

is called a properly linked

vertices, if

Main Results

Definition 6: Let G(V,u,0) be a fuzzy graph with
underlying crisp graph G(V', E). Then the subdivision
G, denoted by sd(G) is the fuzzy graph

sd (G)(VS ds M5O, Sd) with the underlying crisp graph is

graph of

the subdivision graph of G(V, E), where the vertex set

V,=VUE and the membership functions £/, and

O, are defined as

uw) ifuelV
ﬂsd (u) = .
ou) ifuek
Ho)rp(e) ifueV,ec Eanduliesone

otherwise.

o (u,e)= {0

Theorem 7: Let G be a strong fuzzy graph with its
underlying crisp graph is a path on 7 vertices. Then the

strength S (sd(G)) of the subdivision graph sd(G) of
G is 2S(G).

Proof:

The subdivision graph of a strong fuzzy graph with its
underlying graph is a path on 7 vertices is a strong fuzzy
graph with its underlying crisp graph is a path on 271 —1
vertices (See Figure 1) So strength of sd(G) is
(2n—-1)—-1=2(n-1)=2S(G).

sd(G)
Figure 1 A strong fuzzy path graph and its subdivision graph

Theorem 8: Let G be a strong fuzzy butterfly graph.
Then the strength S (sd(G)) of the subdivision graph

of Gis 6.
Proof:

Let the vertex set of G be {u,,u,,uU;,u,,Us} with u,
as the central vertex. Then G isa 1 — linked fuzzy graph
with two parts Gl and G2 , where both G1 and G2 are

fuzzy cycles on 3 vertices.

Its subdivision graph is also a 1— linked fuzzy graph
with two parts which are cycles on 6 vertices (See Figure

2 Since each part G,,i=1,2 of G has atleast two
weakest edges of G;, sd(G;),i=1,2 has at least 4
weakest edges in sd(G,) .

Let u, v be any two vertices of sd(G). If both u and
vel(sd(G,)),i=1,2
joining # and Vv lie completely in sd(G;),i=1o0r 2.

then any extra strong path

So  the strength of the #—V path in G is 3 by
Theorem 4. u, eV(G)NV(G,),

u, eV(sd(G)) NV (sd(G,)) If uesd(G,), {u}
and ve sd(G,), {u,} thenall the u —V paths can be

Since

considered as the sum of two paths B, of sd(G,) joining

57|Page
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u to uy and P, of sd (Gz) joining u, to V. Therefore,
the length of any extra strong the # —V path is less than
or equal to the length of any extra strong # —u, path in
Sd(Gl) and U, —V path in Sd(Gz) which is less than
orequalto 3+3=6.

Also when u is the vertex € V' (sd(G)) corresponding
to the edge uu, in G, and V is the vertex € V' (sd(G))

corresponding to the edge u,us in V(G,) the strength

of the u — Vv pathis exactly 6.
Hence the theorem.

sd(G)

Figure 2 A strong fuzzy butterfly graph and its subdivision graph
Theorem 9: Let G be a strong fuzzy Bull graph then the
strength S (sd(G)) of the subdivision graph of G is 6.
Proof
A fuzzy bull graph G is a 1—linked fuzzy graph with
three parts. Let P, P and P’ be its parts, where P

and P’ are fuzzy paths on two vertices and P isa fuzzy
triangle. Then sd(G) is also a 1— linked fuzzy graph

G, =sd(P),G,=sd(P) and
G, = sd(P") (See Figure 3).

with  parts

5d(G)
Figure 3 A strong fuzzy Bull graph and its subdivision graph

Let # and v be any two non-adjacent vertices of sd(G).
If u,veV(G,) or u,veV(G;) then the length of any
extra strong % —V pathin G is 2. Since both sd(P)

and sd(P") are paths on 3 vertices.

If u,veV(G;) then all the paths joining # and V lie
completely in G;. Since Gj is the subdivision graph of

the strong fuzzy triangle P , it is a strong fuzzy cycle

on 6 vertices. As P contains at least 2 weakest edges,

sd(G;) contains atleast 4 weakest edges. Therefore by
Theorem 3 the length of the extra strong of # —V path
in G, is 3.

Let W =V(G) NV (G) and
Wr=V(G)NV(G,). 1f ueV(G) and
VE V(Gz) then all the # —V paths pass through both
wand w in sd(G). Since W and W are adjacent in
G, the extra strong path joining W and W in sd(G)
is wew where e is the vertex in sd(G) corresponding
to the edge ww in G. So the length of the extra strong
path joining # and v is <2+2+2=6. When ©# and

v are the pendant vertices of G then the extra strong
u — v path has length exactly 6 . Therefore S(G)=6.

For a fuzzy tree GG, the strength of $G$ is the diameter
of the underlying crisp graph of G . The subdivision
graph of a fuzzy star graph is a fuzzy tree. From this we
have the following Theorem.

Theorem 10: The strength of the subdivision graph of a
fuzzy star graph G is 4.

Note 11:

Let G be a strong fuzzy cycle on 7 vertices with [
weakest edges in G having weight W. Then the edges in
sd(G) incident with the vertex corresponding to each
weakest vertex and the edges incident with that weakest
vertex are of weight W. Therefore in sd(G), there are
21 weakest edges.

Theorem 12:
, which contains / weakest edges and also let § denote
the maximum length of the subpath which does not
contain any weakest edge of G and is of strength S(G)
Then the strength S (sd(G)) of the subdivision graph
of G is 2S(G).

Proof:

Let G be a strong fuzzy cycle of length 1

We have by Note 11 for a strong fuzzy cycle G of length
n, if there are / weakest edges which altogether form a
subpath in G then there are 21 weakest edges which

altogether form a subpath in sd(G). We have by

Theorem 2 if  2I< [2”24r L then

S(sd(G))=2n—21=2(n—1).

it 2<Z hen 15[”;1] s0

S(sd(G))=2S(G).  Also by Theorem 4 if
2n+1

21>

2
] then S(sd(G))z[?n]=2[g]. We
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2n+1 n+1
impli />
5 ] implies [ 5

S(sd(G)) =2S(G).

Suppose there are [ weakest edges which do not
altogether form a subpath in G, then the $21$ weakest
edges of sd(G) also do not form a subpath in sd(G).

have 20>

] so

So by Theorem 4 if 2/ > [27'1] —1 then

S(d(G) =2

We have 2/ > [2—2”] ~1 implies [ > [g] ~1. Hence, if
1>[§]—1 then S (sd(G)) =2S(G).

Similarly if 2/< [2_21’1] —1 then S(sd(G))= [27’/1] .

Also 21<[27”]—1 implies lﬁ[g]—l. So

S(d(6)=[51=25(G)

Hence the proof.
Theorem 13: The strength of the subdivision graph of a
strong fuzzy diamond graph is $4$.

Proof

Let G be a strong fuzzy diamond graph. Also let # and
v be two non-adjacent vertices of sd(G).

Case 1: u,veV(G).

If u and v are adjacentin G and € be the edge joining
# and v in G then the strength of the # —V path is less
than or equal to £/, (m) A My (V) and which is equal to
o,(e). Sothe path u eV is the extra strong path
joining # and v in sd(G) which is of length 2.

If u and Vv are non-adjacent vertices in (G then
u,ve {uz,u4} as shown in Figure 4.

Figure 4 A strong fuzzy diamond graph G and its subdivision
graph

Then any extra strong path joining # and vV in sd(G)
pass either through #; or through u; depending up on
their weights.
,u(ul) 2> ,u(u3). Since u, is adjacent to both # and Vv

Without loss of generality assume that

and e is the edge uu, and e, is the edge u,v in G,

so ueu,e,Vv is an extra strong path and it is of minimum

length among all the other strong paths and is of length 4.
Case2: u,ve E(G).

If ¥ and v have a common vertex W in G then in
sd(G) the path u W V is an extra strong path since, the

strength of all the paths joining # and v in sd(G) have
< /’lsd (1/[) A :Llsd (V) and
MU, (W)= p,(u) A, (v). So the length of the extra

strength

strong path joining # and v is 2.

Otherwise, suppose ¥ and V have no common vertex in
G then u and ve{e,e} or {e,,e,}
\ref{sd(D)}). Without loss of generality assume that u
and V& {61,63}. In this case all the # —V paths have

(See Figure

strength less than or

ll’lsd (U) A lLlsd (V) = lLlsd (ul) A lLlsd (uZ) A ll’lsd (U3) A lLlsd (U4)
. Therefore, the length of the extra strong path is the
minimum distance between # and v whichis 4.

Case3: u €V (G) and ve E(G) in sd(G).

equal to

Without loss of generality assume that # =1, and Vv = &,
where e, is the vertex in sd(G) corresponding to the
edge uu, in G (See Figure 4) Then strength of the
sd(G)
<ty W) A py (V) = g ) A pa(us) A pa(uy) - So the

extra strong path joining # and V lies completely in the

u-—v path in

maximal partial fuzzy subgraph of sd (G) with vertex set
{u,,uy,u,,e;,,e,,e}, which is a strong fuzzy cycle on

6 vertices. So the length of the extra strong path joining
U and vis 3.

Theorem 14: Let G be a fuzzy complete graph. Then the
strength S(sd)(G) is 3 for n=3 and 4 for n>3.
Proof

When n=3,
vertices having at least 4 weakest edges. So the the result
follows by the Theorem 4.

Consider the case, #>3. Let #, V be two non-adjacent
vertices of sd(G).

sd(G) is a strong fuzzy cycle on 6

If u and Vv are the vertices of GG then the extra strong
path joining # and $v § is Suev$ where e is the edge u

v in G and is of length 2.

If u and v are edges of G then, if they have a common
vertex W in G then the path u wv in sd(G) is of

strength exactly equal to £, (u) A 1,,(V), which is an
extra strong path joining them in ~ sd(G).

59|Page



International Journal of Current Engineering Sciences- Vol. 5, Issue, 8, pp. 56-60, August, 2016

Suppose ¢ and V are edges of G and have no vertex in

common. Let # =u u, and V=1u,u, be that vertices in
sd(G). The weight of the edges uu; and uu are the

same and the weight of the edges vi; and vu, are the
same in §d(G) and the extra strong path joining any two
vertices ## and u of G in sd(G) is u'eu’ , where e

is the edge joining # and # in G. So all the —V
paths have same strength in $d (G) . Therefore, the length
of the extra strong path joining # and Vv is the shortest
length joining # and v in sd(G) whichis 4.
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